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Optimal Investment Under Transaction Costs
S. Tunc, M. A. Donmez and S. S. Kozat, Senior Member, IEEE
Abstract— We investigate how and when to diversify capital
over assets, i.e., the portfolio selection problem, from a signal
processing perspective. To this end, we first construct portfolios
that achieve the optimal expected growth in i.i.d. discrete-time
two-asset markets under proportional transaction costs. We then
extend our analysis to cover markets having more than two
stocks. The market is modeled by a sequence of price relative
vectors with arbitrary discrete distributions, which can also be
used to approximate a wide class of continuous distributions. To
achieve the optimal growth, we use threshold portfolios, where
we introduce a recursive update to calculate the expected wealth.
We then demonstrate that under the threshold rebalancing
framework, the achievable set of portfolios elegantly form an
irreducible Markov chain under mild technical conditions. We
evaluate the corresponding stationary distribution of this Markov
chain, which provides a natural and efficient method to calculate
the cumulative expected wealth. Subsequently, the corresponding
parameters are optimized yielding the growth optimal portfolio
under proportional transaction costs in i.i.d. discrete-time two-
asset markets. As a widely known financial problem, we next solve
optimal portfolio selection in discrete-time markets constructed
by sampling continuous-time Brownian markets. For the case that
the underlying discrete distributions of the price relative vectors
are unknown, we provide a maximum likelihood estimator that
is also incorporated in the optimization framework in our
simulations.
I. INTRODUCTION
The problem of how and when an investor should diversify
capital over various assets, whose future returns are yet to
be realized, is extensively studied in various different fields
from financial engineering [1], [2], signal processing [3]–[7],
machine learning [8], [9] to information theory [10]. Naturally
this is one of the most important financial applications due
to the amount of money involved. However, the current
financial crisis demonstrated that there is a significant room for
improvement in this field by sound signal processing methods
[6], [7], which is the main goal of this paper. In this paper,
we investigate how and when to diversify capital over assets,
i.e., the portfolio selection problem, from a signal processing
perspective and provide portfolio selection strategies that max-
imize the expected cumulative wealth in discrete-time markets
under proportional transaction costs.
In particular, we study an investment problem in markets
that allow trading at discrete periods, where the discrete period
is arbitrary, e.g., it can be seconds, minutes or days [11].
Furthermore the market levies transaction fees for both selling
and buying an asset proportional to the volume of trading
at each transaction, which accurately models a broad range
of financial markets [11], [12]. In our discussions, we first
consider markets with two assets, i.e., two-asset markets. We
emphasize that the two-stock markets are extensively studied
in financial literature and are shown to accurately model a wide
range of financial applications [11] such as the well-known
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“Stock and Bond Market” [11]. We then extend our analysis
to markets having more than two assets, i.e., m-stock markets,
where m is arbitrary. Following the extensive literature [1],
[2], [5], [10], [11], [13], the market is modeled by a sequence
of price relative vectors, say {X(n)}n≥1, X(n) ∈ [0,∞)m,
where each entry of X(n), i.e., Xi(n) ∈ [0,∞), is the ratio
of the closing price to the opening price of the ith stock per
investment period. Hence, each entry of X(n) quantifies the
gain (or the loss) of that asset at each investment period.
The sequence of price relative vectors is assumed to have
an i.i.d. “discrete” distribution [1], [2], [5], [11], however,
the discrete distributions on the vector of price relatives are
arbitrary. In this sense, the corresponding discrete distributions
can approximate a wide class of continuous distributions on
the price relatives that satisfy certain regularity conditions by
appropriately increasing the size of the discrete sample space.
We first assume that we know the discrete distributions on the
price relative vectors and then extend our analysis to cover
when the underlying distributions are unknown. We emphasize
that the i.i.d. assumption on the sequence of price relative
vectors is shown to hold in most realistic markets [11], [14].
The detailed market model is provided in Section IV. At each
investment period, the diversification of the capital over the
assets is represented by a portfolio vector b(n), where for
each entry 1 ≥ bi(n) ≥ 0,
∑m
i=1 bi(n) = 1, and bi(n) is the
ratio of the capital invested in the ith asset at investment period
n. As an example if we invest using b(n), we earn (or loose)
b
T (n)X(n) at the investment period n after X(n) is revealed.
Given that we start with one dollars, after an investment period
of N days, we have the wealth growth
∏N
n=1 b
T (n)X(n).
Under this general market model, we provide algorithms that
maximize the expected growth over any period N by using
“threshold rebalanced portfolios” (TRP)s, which are shown to
yield optimal growth in general i.i.d. discrete-time markets
[14].
Under mild assumptions on the sequence of price relatives
and without any transaction costs, Cover et. al [10] showed that
the portfolio that achieves the maximal growth is a constant
rebalanced portfolio (CRP) in i.i.d. discrete-time markets. A
CRP is a portfolio investment strategy where the fraction of
wealth invested in each stock is kept constant at each invest-
ment period. A problem extensively studied in this framework
is to find sequential portfolios that asymptotically achieve the
wealth of the best CRP tuned to the underlying sequence
of price relatives. This amounts to finding a daily trading
strategy that has the ability to perform as well as the best asset
diversified, constantly rebalanced portfolio. Several sequen-
tial algorithms are introduced that achieve the performance
of the best CRP either with different convergence rates or
performance on historical data sets [8]–[10], [15]. Even under
transaction costs, sequential algorithms are introduced that
achieve the performance of the best CRP [12]. Nevertheless,
we emphasize that keeping a CRP may require extensive
trading due to possible rebalancing at each investment period
2deeming CRPs, or even the best CRP, ineffective in realistic
markets even under mild transaction costs [13].
In continuous-time markets, however, it has been shown that
under transaction costs, the optimal portfolios that achieve the
maximal wealth are certain class of “no-trade zone” portfolios
[16]–[18]. In simple terms, a no-trade zone portfolio has a
compact closed set such that the rebalancing occurs if the
current portfolio breaches this set, otherwise no rebalancing
occurs. Clearly, such a no-trade zone portfolio may avoid hefty
transaction costs since it can limit excessive rebalancing by
defining appropriate no-trade zones. Analogous to continuous
time markets, it has been shown in [14] that in two-asset
i.i.d. markets under proportional transaction costs, compact
no-trade zone portfolios are optimal such that they achieve
the maximal growth under mild assumptions on the sequence
of price relatives. In two-asset markets, the compact no trade
zone is represented by thresholds, e.g., if at investment period
n, the portfolio is given by b(n) = [b(n) (1− b(n))]T , where
1 ≥ b(n) ≥ 0, then rebalancing occurs if b(n) /∈ (α, β), given
the thresholds α, β, where 1 ≥ β ≥ α ≥ 0. Similarly, the
interval (α, β) can be represented using a target portfolio b and
a region around it, i.e., (b− ǫ, b+ ǫ), where min{b, 1− b} ≥
ǫ ≥ 0 such that α = b− ǫ and β = b+ ǫ. Extension of TRPs
to markets having more than two stocks is straightforward and
explained in Section III-B.
However, how to construct the no-trade zone portfolio, i.e.,
selecting the thresholds that achieve the maximal growth, has
not yet been solved except in elementary scenarios [14]. We
emphasize that a sequential universal algorithm that asymp-
totically achieves the performance of the best TRP specifi-
cally tuned to the underlying sequence of price relatives is
introduced in [19]. This algorithm leverages Bayesian type
weighting from [10] inspired from universal source coding
and requires no statistical assumptions on the sequence of price
relatives. In similar lines, various different universal sequential
algorithms are introduced that achieve the performance of the
best algorithm in different competition classes in [3], [4], [13],
[20]–[22]. However, we emphasize that the performance guar-
antees in [19] (and in [3], [4], [13], [20]) on the performance,
although without any stochastic assumptions, is given for the
worst case sequence and only optimal in the asymptotic. For
any finite investment period, the corresponding order terms in
the upper bounds may not be negligible in financial markets,
although they may be neglected in source coding applications
(where these algorithms are inspired from). We demonstrate
that our algorithm readily outperforms these universal algo-
rithms over historical data [10], where similar observations
are reported in [21], [23].
Our main contributions are as follows. We first con-
sider two-asset markets and recursively evaluate the expected
achieved wealth of a threshold portfolio for any b and ǫ
over any investment period. We then extend this analysis to
markets having more than two-stocks. We next demonstrate
that under the threshold rebalancing framework, the achievable
set of portfolios form an irreducible Markov chain under mild
technical conditions. We evaluate the corresponding stationary
distribution of this Markov chain, which provides a natural and
efficient method to calculate the cumulative expected wealth.
Subsequently, the corresponding parameters are optimized
using a brute force approach yielding the growth optimal
investment portfolio under proportional transaction costs in
i.i.d. discrete-time two-asset markets. We note that for the case
with the irreducible Markov chain, which covers practically
all scenarios in the realistic markets, the optimization of the
parameters is offline and carried out only once. However,
for the case with recursive calculations, the algorithm has
an exponential computational complexity in terms of the
number of states. However, in our simulations, we observe
that a reduced complexity form of the recursive algorithm
that keeps only a constant number of states by appropriately
pruning certain states provides nearly identical results with the
“optimal” algorithm. Furthermore, as a well studied problem,
we also solve optimal portfolio selection in discrete-time
markets constructed by sampling continuous-time Brownian
markets [11]. When the underlying discrete distributions of
the price relative vectors are unknown, we provide a maximum
likelihood estimator to estimate the corresponding distributions
that is incorporated in the optimization framework in the
Simulations section. For all these approaches, we also provide
the corresponding complexity bounds.
The organization of the paper is as follows. In Section II,
we briefly describe our discrete-time stock market model with
discrete price relatives and symmetric proportional transaction
costs. In Section III, we start to investigate TRPs, where we
first introduce a recursive update in Section III-A for a market
having two-stocks. Generalization of the iterative algorithm to
the m-asset market case is provided in Section III-B. We then
show that the TRP framework can be analyzed using finite
state Markov chains in Section III-C and Section III-D. The
special Brownian market is analyzed in Section III-E. The
maximum likelihood estimator is derived in Section IV. We
simulate the performance of our algorithms in Section V and
the paper concludes with certain remarks in Section VI.
II. PROBLEM DESCRIPTION
We consider discrete-time stock markets under transac-
tion costs. We first consider a market with two stocks and
then extend the analysis to markets having more than two
stocks. We model the market using a sequence of price
relative vectors X(n). A vector of price relatives X(n) =
[X1(n), . . . , Xm(n)]
T in a market with m assets represents
the change in the prices of the assets over investment period
n, i.e., for the ith stock Xi(n) is the ratio of the closing to
the opening price of the ith stock over period n. For a market
having two assets, we have X(n) = [X1(n)X2(n)]T . We
assume that the price relative sequences X1(n) and X2(n)
are independent and identically distributed (i.i.d.) over with
possibly different discrete sample spaces X1 and X2, i.e.,
X1(n) ∈ X1 and X2(n) ∈ X2, respectively [14]. For technical
reasons, in our derivations, we assume that the sample space is
X
△
= X1 ∪X2 = {x1, x2, . . . , xK} for both X1(n) and X2(n)
where |X | = K is the cardinality of the set X . The probability
mass function (pmf) of X1(n) is p1(x) △= Pr(X1 = x) and the
probability mass function of X2(n) is p2(x)
△
= Pr(X2 = x).
We define pi,1 = p1(xi) and pi,2 = p2(xi) for xi ∈ X
and the probability mass vectors p1 = [p1,1 p2,1 . . . pK,1]T
and p2 = [p1,2 p2,2 . . . pK,2]T , respectively. Here, we first
assume that the corresponding probability mass vectors p1
and p2 are known. We then extend our analysis where p1 and
p2 are unknown and sequentially estimated using a maximum
likelihood estimator in Section IV.
3An allocation of wealth over two stocks is represented by
the portfolio vector b(n) = [b(n) 1− b(n)], where b(n) and
1−b(n) represents the proportion of wealth invested in the first
and second stocks, respectively, for each investment period
n. In two stock markets, the portfolio vector b = [b 1− b]
is completely characterized by the proportion b of the total
wealth invested in the first stock. For notational clarity, we
use b(n) to represent b1(n) throughout the paper.
We denote a threshold rebalancing portfolio with an initial
and target portfolio b and a threshold ǫ by TRP(b,ǫ). At each
market period n, an investor rebalances the asset allocation
only if the portfolio leaves the interval (b − ǫ, b + ǫ). When
b(n) 6∈ (b − ǫ, b + ǫ), the investor buys and sells stocks so
that the asset allocation is rebalanced to the initial allocation,
i.e., b(n) = b, and he/she has to pay transaction fees. We
emphasize that the rebalancing can be made directly to the
closest boundary instead of to b as suggested in [14], however,
we rebalance to b for notational simplicity and our derivations
hold for that case also. We model transaction cost paid when
rebalancing the asset allocation by a fixed proportional cost
c ∈ (0, 1) [12]–[14]. For instance, if the investor buys or
sells S dollars of stocks, then he/she pays cS dollars of
transaction fees. Although we assume a symmetric transaction
cost ratio, all the results can be carried over to markets with
asymmetric costs [13], [14]. Let S(N) denote the achieved
wealth at investment period N and assume, without loss of
generality, that the initial wealth of the investor is 1 dollars.
For example, if the portfolio b(n) does not leave the interval
(b − ǫ, b + ǫ) and the allocation of wealth is not rebal-
anced for N investment periods, then the current proportion
of wealth invested in the first stock is given by b(N) =
b
∏N
n=1X1(n)/
(
b
∏N
n=1X1(n) + (1− b)
∏N
n=1X2(n)
)
and
achieved wealth is given by S(N) = b
∏N
n=1X1(n) + (1 −
b)
∏N
n=1X2(n). If the portfolio leaves the interval (b−ǫ, b+ǫ)
at period N , i.e., b(N) 6∈ (b − ǫ, b + ǫ), then the investor
rebalances the asset distribution to the initial distribution and
pays approximately S(N)|b(N) − b|c dollars for transaction
costs [12]. In the next section, we first evaluate the expected
achieved wealth E[S(N)] so that we can optimize b and ǫ.
III. THRESHOLD REBALANCED PORTFOLIOS
In this section, we first investigate TRPs in discrete-time
two-asset markets under proportional transaction costs. We
initially calculate the expected achieved wealth at a given
investment period by an iterative algorithm. Then, we present
an upper bound on the complexity of the algorithm. We also
calculate the expected achieved wealth of markets having more
than two assets, i.e., m-asset markets for an arbitrary m. We
then provide the necessary and sufficient conditions such that
the achievable portfolios are finite such that the complexity of
the algorithm does not grow at any period. We also show that
the portfolio sequence converges to a stationary distribution
and derive the expected achieved wealth. Based on the cal-
culation of the expected achieved wealth, we optimize b and
ǫ using a brute-force search. Finally, with these derivations,
we consider the well-known discrete-time two-asset Brownian
market with proportional transaction costs and investigate the
asymptotic expected achieved wealth.
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Fig. 1: Block diagram representation of N period investment.
A. An Iterative Algorithm
In this section, we calculate the expected wealth growth of a
TRP with an iterative algorithm and find an upper bound on the
complexity of the algorithm. To accomplish this, we first define
the set of achievable portfolios at each investment period
since the iterative calculation of the expected achieved wealth
is based on the achievable portfolio set. We next introduce
the portfolio transition sets and the transition probabilities of
achievable portfolios at successive investment periods in order
to find the probability of each portfolio state iteratively and to
calculate E[S(N)].
We define the set of achievable portfolios at each investment
period as follows. Since the sample space of the price relative
sequences X1(n) and X2(n) is finite, i.e., |X | = K , the set of
achievable portfolios at period N can only have finitely many
elements. We define the set of achievable portfolios at period
N as BN = {b1,N , . . . , bMN ,N}, where MN
△
= |BN | is the
size of the set BN for N ≥ 1. As illustrated in Fig. 1, for
each achievable portfolio bl,N ∈ BN , there is a certain set of
portfolios in BN−1 that are connected to bl,n, by definition of
bl,n. At a given investment period N , the set of achievable
portfolios BN is given by
BN =
{
b1,N , . . . , bMN ,N
∣∣∣ bl,N = bk,N−1u
bk,N−1u+ (1− bk,N−1)v
∈ (b − ǫ, b+ ǫ) or bl,N = b, u, v ∈ X
}
.
We let, without loss of generality, b1,N = b for each N ∈ N.
Note that in Fig. 1, the size of the set of achievable portfolios
at each period may grow in the next period depending on the
set of price relative vectors. We next define the transition prob-
abilities as qk,l,N = Pr (b(N) = bl,N |b(N − 1) = bk,N−1)
for k = 1, . . . ,MN−1 and l = 1, . . . ,MN and the set
of achievable portfolios that are connected to bl,N , i.e., the
portfolio transition set, as Nl,N = {bk,N−1 ∈ BN−1 | qk,l,N >
0, k = 1, . . . ,MN−1} for l = 1, . . . ,MN . Hence, the
probability of each portfolio state is given by
Pr (b(N) = bl,N) =
∑
bk,N−1∈BN−1
Pr (b(N) = bl,N |b(N − 1) =
bk,N−1) Pr (b(N − 1) = bk,N−1)
=
∑
bk,N−1∈Nl,N
qk,l,NPr (b(N − 1) = bk,N−1) (1)
4for l = 1, . . . ,MN . Therefore, we can calculate the proba-
bility of achievable portfolios iteratively. Using these iterative
equations, we next iteratively calculate the expected achieved
wealth E[S(N)] at each period as follows.
By definition of BN and using the law of total expectation
[24], the expected achieved wealth at investment period N can
be written as
E[S(N)] =
MN∑
l=1
Pr (b(N) = bl,N )E [S(N)|b(N) = bl,N ] .
(2)
To get E[S(N)] in (2) iteratively, we evaluate
Pr (b(N) = bl,N)E [S(N)|b(N) = bl,N ] for each
l = 1, . . . ,MN from Pr (b(N − 1) = bk,N−1)E[S(N −
1)|b(N − 1) = bk,N−1] for k = 1, . . . ,MN−1. To achieve
this, we first find the transition probabilities (not the state
probabilities) between the achievable portfolios.
We define the set of price relative vectors that connect
bk,N−1 to bl,N as Uk,l,N where
Uk,l,N =
{
w = [w1 w2]
T ∈ X 2
∣∣∣ bl,N = w1bk,N−1
w1bk,N−1 + w2(1− bk,N−1)
}
for k = 1, . . . ,MN−1 and l = 2, . . . ,MN . We consider
the price relative vectors that connect bk,N−1 to b1,N = b
separately since, in this case, there are two cases depending
on whether the portfolio leaves the interval (b − ǫ, b + ǫ) or
not. We define Uk,1,N as Uk,1,N = Vk,1,N ∪ Rk,1,N , where
Vk,1,N is the set of price relative vectors that connect bk,N−1
to b1,N = b such that the portfolio does not leave the interval
(b− ǫ, b+ ǫ) at period N , i.e.,
Vk,1,N =
{
w = [w1 w2]
T ∈ X 2
∣∣∣ w1bk,N−1
w1bk,N−1 + w2(1 − bk,N−1)
= b
}
,
and Rk,1,N is the set of price relative vectors that connect
bk,N−1 to b1,N such that the portfolio leaves the interval (b−
ǫ, b+ ǫ) at period N and is rebalanced to b1,N = b, i.e.,
Rk,1,N =
{
w = [w1 w2]
T ∈ X 2 |
w1bk,N−1
w1bk,N−1 + w2(1 − bk,N−1)
6∈ (b− ǫ, b+ ǫ)
}
.
Then, the transition probabilities are given by
qk,l,N = Pr (b(N) = bl,N |b(N − 1) = bk,N−1)
= Pr (X(N) ∈ Uk,l,N ) =
∑
w=[w1 w2]
T∈Uk,l,N
p1(w1)p2(w2)
(3)
for k = 1, . . . ,MN−1 and l = 1, . . . ,MN so that we
can calculate Pr (b(N)) = bl,N) iteratively for each l =
1, . . . ,MN by (1). Since we have recursive equations for the
state probabilities, we next perform the iterative calculation of
the expected achieved wealth based on the achievable portfolio
sets and the transition probabilities.
Given the recursive formulation for the state probabilities,
we can evaluate the term
Pr (b(N) = bl,N)E[S(N)|b(N) = bl,N ] for l = 1, . . . ,MN
from Pr (b(N − 1) = bk,N−1)E[S(N − 1)|b(N − 1) =
bk,N−1] for k = 1, . . . ,MN−1 iteratively to
calculate E[S(N)] by (2) as follows. To evaluate
Pr (b(N) = bl,N)E[S(N)|b(N) = bl,N ], we need to
consider two cases separately based on the value of bl,N .
In the first case, we see that if the portfolio b(N) = bl,N ,
where l = 2, . . . , N , then the portfolio does not leave the inter-
val (b−ǫ, b+ǫ) at period N . Hence, no transaction cost is paid
so that we can express Pr (b(N) = bl,N)E[S(N)|b(N) =
bl,N ] as a summation of the conditional expectations for all
bk,N−1 ∈ Nl,N by the law of total expectation [24] as
Pr (b(N) = bl,N )E[S(N)|b(N) = bl,N ]
=
∑
bk,N−1∈Nl,N
E [S(N)|b(N) = bl,N , b(N − 1) = bk,N−1]
× Pr (b(N − 1) = bk,N−1|b(N) = bl,N ) Pr (b(N) = bl,N )
=
∑
bk,N−1∈Nl,N
E [S(N)|b(N) = bl,N , b(N − 1) = bk,N−1]
× Pr (b(N − 1) = bk,N−1) qk,l,N , (4)
where (4) follows from Bayes’ theorem [24]. We note that
given b(N − 1) = bk,N−1 and b(N) = bl,N , the price
relative vectorX(N) can take values from Uk,l,N and qk,l,N =
Pr (X(N) ∈ Uk,l,N ) so that (4) can be written as a summation
of the conditional expectations for all X(N) = w ∈ Uk,l,N
[24] after replacing qk,l,N
Pr (b(N) = bl,N )E[S(N)|b(N) = bl,N ]
=
∑
bk,N−1∈Nl,N
∑
w=[w1 w2]
T∈Uk,l,N
E [SN |b(N) = bl,N ,
b(N − 1) = bk,N−1,X(N) = w]
× Pr (b(N − 1) = bk,N−1) Pr (X(N) = w|X(N) ∈ Uk,l,N )
× Pr (X(N) ∈ Uk,l,N ) . (5)
Now, given that b(N − 1) = bk,N−1, b(N) =
bl,N and X(N) = w = [w1 w2]T , we observe
that Pr (X(N) = w|X(N) ∈ Uk,l,N ) Pr (X(N) ∈ Uk,l,N ) =
Pr (X(N) = w) and
E [SN |b(N) = bl,N , b(N − 1) = bk,N−1,X(N) = w]
= E [S(N − 1)(bk,N−1w1 + (1 − bk,N−1)w2)|b(N − 1) =
bk,N−1] , (6)
and by using (6) in (5), we have
Pr (b(N) = bl,N )E[S(N)|b(N) = bl,N ]
=
∑
bk,N−1∈Nl,N
∑
w=[w1 w2]
T∈Uk,l,N
E [S(N − 1)(bk,N−1w1
+(1− bk,N−1)w2)|b(N − 1) = bk,N−1]
× Pr (b(N − 1) = bk,N−1) Pr (X(N) = w) .
Therefore, we can write Pr (b(N) = bl,N)E[S(N)|b(N) =
bl,N ] from Pr (b(N − 1) = bk,N−1)E[S(N − 1)|b(N − 1) =
bk,N−1] as
Pr (b(N) = bl,N)E[S(N)|b(N) = bl,N ]
=
∑
bk,N−1∈Nl,N
Pr (b(N − 1) = bk,N−1)
× E [S(N − 1)|b(N − 1) = bk,N−1]
×
∑
w=[w1 w2]
T∈Uk,l,N
(bk,N−1w1 + (1− bk,N−1)w2)
p1(w1)p2(w2) (7)
for l = 2, . . . ,MN , where we use Pr (X(N) = w) =
p1(w1)p2(w2).
5In the second case, if the portfolio b(N) = b1,N , then
there are two sets of price relative vectors that connect
bk,N−1 to b1,N , i.e., Vk,1,N and Rk,1,N . Depending on the
value of the price vector, the portfolio may be rebalanced
to b1,N = b. If X(N) ∈ Vk,1,N , then the portfolio is not
rebalanced and no transaction fee is paid. If X(N) ∈ Rk,1,N ,
then the portfolio is rebalanced and transaction cost is paid.
We can find Pr (b(N) = b1,N )E[S(N)|b(N) = b1,N ] from
Pr (b(N − 1) = bk,N−1)E[S(N − 1)|b(N − 1) = bk,N−1] as
a summation of the conditional expectations for all bk,N−1 ∈
N1,N [24] as
Pr (b(N) = b1,N )E[S(N)|b(N) = b1,N ]
=
∑
bk,N−1∈N1,N
E [S(N)|b(N) = b1,N , b(N − 1) = bk,N−1]
× Pr (b(N − 1) = bk,N−1) qk,l,N . (8)
We note that given b(N − 1) = bk,N−1 and b(N) =
b1,N , the price relative vector X(N) can take values
from Vk,1,N or Rk,1,N , qk,l,N = Pr (X(N) ∈ Uk,l,N )
and Pr (X(N) = w|X(N) ∈ Uk,l,N ) Pr (X(N) ∈ Uk,l,N ) =
Pr (X(N) = w) which yields in (8) that
Pr (b(N) = b1,N)E[S(N)|b(N) = b1,N ]
=
∑
bk,N−1∈Nl,N


∑
w=[w1 w2]
T∈Vk,1,N
E [SN |b(N) = bl,N ,
b(N − 1) = bk,N−1,X(N) = w]
×Pr (b(N − 1) = bk,N−1) Pr (X(N) = w)
+
∑
w=[w1 w2]
T∈Rk,1,N
E[SN |b(N) = bl,N , b(N − 1) = bk,N−1,
X(N) = w]Pr (b(N − 1) = bk,N−1) Pr (X(N) = w)

 .
If X(N) = w ∈ Vk,1,N , then it follows that
E [SN |b(N) = b1,N , b(N − 1) = bk,N−1,X(N) = w]
= E [S(N − 1)(bk,N−1w1
+(1− bk,N−1)w2)|b(N − 1) = bk,N−1] . (9)
If X(N) = w ∈ Rk,1,N , then transaction cost is paid which
results
E [SN |b(N) = b1,N , b(N − 1) = bk,N−1,X(N) = w]
= E
[
S(N − 1)(bk,N−1w1 + (1− bk,N−1))
(
1− c
×
∣∣∣∣ bk,N−1w1bk,N−1w1 + (1− bk,N−1)w2 − b
∣∣∣∣
) ∣∣b(N − 1) = bk,N−1
]
.
(10)
Hence, we can write (8) after using (9) and (10) as
Pr (b(N) = b1,N )E[S(N)|b(N) = b1,N ]
=
∑
bk,N−1∈N1,N
Pr (b(N − 1) = bk,N−1)
×


∑
w=[w1 w2]
T∈Vk,1,N
Pr (X(N) = w)E [S(N − 1)
×(bk,N−1w1 + (1− bk,N−1)w2)|b(N − 1) = bk,N−1]
+
∑
w=[w1 w2]
T∈Rk,1,N
Pr (X(N) = w) (11)
×E [S(N − 1)(bk,N−1w1 + (1− bk,N−1))(
1− c
∣∣∣∣ bk,N−1w1bk,N−1w1 + (1− bk,N−1)w2 − b
∣∣∣∣
) ∣∣
b(N − 1) = bk,N−1]

 .
Thus, we can write Pr (b(N) = b1,N )E[S(N)|b(N) = b1,N ]
from Pr (b(N − 1) = bk,N−1)E[S(N − 1)|b(N − 1) =
bk,N−1] as
Pr (b(N) = b1,N )E[S(N)|b(N) = b1,N ]
=
∑
bk,N−1∈N1,N
Pr (b(N − 1) = bk,N−1)E [S(N − 1)|
b(N − 1) = bk,N−1]


∑
w=[w1 w2]
T∈Vk,1,N
(bk,N−1w1
+(1− bk,N−1)w2)p1(w1)p2(w2) (12)
+
∑
w=[w1 w2]
T∈Rk,1,N
(bk,N−1w1 + (1− bk,N−1))
×
(
1− c
∣∣∣∣ bk,N−1w1bk,N−1w1 + (1− bk,N−1)w2 − b
∣∣∣∣
)
×p1(w1)p2(w2)} ,
which yields the recursive expressions for
Pr (b(N) = bl,N)E[S(N)|b(N) = bl,N ] iteratively for
each l = 1, . . . ,MN with (7) and (12).
Hence, we can calculate E [S(N)|b(N) = bl,N ]
×Pr (b(N) = bl,N ) for the case where the portfolio
b(N) = bl,N for l = 2, . . .MN by (7) and for the case
where the portfolio b(N) = b1,N = b by (12). Therefore, we
can evaluate E[S(N)] iteratively by (2). Since, we have the
recursive formulation, we can optimize b and ǫ by a brute
force search as shown in the Simulations section. For this
recursive evaluation, we have to find the set of achievable
portfolios at each investment period to compute E[S(N)]
by (2). Hence, we next analyze the number of calculations
required to evaluate the expected achieved wealth E[S(N)].
1) Complexity Analysis of the Iterative Algorithm: We next
investigate the number of achievable portfolios at a given
market period to determine the complexity of the iterative
algorithm. We show that the set of achievable portfolios at
period N is equivalent to the set of achievable portfolios when
the portfolio b(n) does not leave the interval (b−ǫ, b+ǫ) for N
investment periods. We first demonstrate that if the portfolio
never leaves the interval (b−ǫ, b+ǫ) for N periods, then b(N)
is given by b(N) = 1/
(
1 + 1−b
b
e
∑N
n=1
Z(n)
)
, where Z(n) △=
6ln X2(n)
X1(n)
with a sample space Z =
{
z = ln u
v
| u, v ∈ X
}
where |Z| = M . Then, we argue that the number of achievable
portfolios at period N , MN , is equal to the number of different
values that the sum
∑N
n=1 Z(n) can take when the portfolio
does not leave the interval (b − ǫ, b + ǫ) for N investment
periods. We point out that M ≤ K2 −K + 1 since the price
relative sequences X1(n) and X2(n) are elements of the same
sample space X with |X | = K and by using this, we find an
upper bound on the number of achievable portfolios.
Lemma 3.1: The number of achievable portfolios at period
N , MN , is equal to the number of different values that the
sum
∑N
n=1 Z(n) can take when the portfolio b(n) does not
leave the interval (b− ǫ, b+ ǫ) for N investment periods and
is bounded by
(
N+K2−K
N
)
, i.e., MN = |BN | ≤
(
N+K2−K
N
)
.
Proof: The proof is in the Appendix A.
Remark 3.1: Note that the complexity of calculating
E[S(N)] is bounded by O
(∑N
n=1
(
n+K2−K
n
)
/N
)
since at
each period n = 1, . . . , N , we calculate E[S(n)] as a sum-
mation of Mn terms, i.e., E[S(n)] =
∑Mn
l=1E[S(n)|b(n) =
bl,n]Pr (b(n) = bl,n) and Mn ≤
(
n+K2−K
n
)
.
In the next section, we extend the given iterative algorithm
to calculate the expected achieved wealth in a market with
m-assets, where m is an arbitrary number determined by the
investor.
B. Generalization of the Iterative Algorithm to the m-asset
Market Case
In this section, we generalize the iterative method intro-
duced in Section III-A to a market with m assets where
m ∈ Z+. We model the market as a sequence of i.i.d.
price relative vectors X(n) = [X1(n) X2(n) . . . Xm(n)],
where Xi(n) ∈ X and the p.m.f. of Xi(n) is pi(x)
△
=
Pr(Xi(n) = x). For m-asset case, the portfolio vector is given
by b(n) = [b1(n) b2(n) . . . bm(n)],
∑
i bi(n) = 1, bi(n) ≥ 0,
target portfolio vector is defined as b = [b1 b2 . . . bm] and the
threshold vector is given by ǫ = [ǫ1 ǫ2 . . . ǫm]. Along these
lines, TRP(b, ǫ) rebalances the wealth allocation b(n) to b
only when b(n) /∈ bǫ △= [b1 − ǫ1, b1 + ǫ1] × [b2 − ǫ2, b2 +
ǫ2] × . . . × [bm − ǫm, bm + ǫm]. In this case, if the wealth
allocation is not rebalanced for N investment periods, then
the proportion of wealth invested in the ith asset becomes
bi(N) =
bi
∏
N
n=1Xi(N)∑
m
k=1 bk
∏
N
n=1Xk(N)
and achieved wealth is given
by S(N) =
∑m
k=1 bk
∏N
n=1Xk(N). We define the set of
achievable portfolios at period N as
BN =
{
b1,N ,b2,N , . . . ,bMN ,N | bk,N =
bl,N−1 ◦ x
xTbl,N−1
∈ bǫ
or bk,N = b, x ∈ X
m}
where MN = |BN |. In accordance with the definitions given
in two-asset market case, the definitions of the portfolio
transition sets and the transition probabilities of achievable
portfolios follows. Then similar to the iterative algorithm
introduced in Section III-A, (7) and (12), we can evaluate
Pr (b(N) = bl,N )E[S(N)|b(N) = bl,N ] for l = 1, . . . ,MN
from Pr (b(N − 1) = bk,N−1)E[S(N − 1)|b(N − 1) =
bk,N−1] for k = 1, . . . ,MN−1 iteratively to calculate
E[S(N)]. Therefore for the m-asset market case, by using
E[S(N)] =
MN∑
l=1
Pr (b(N) = bl,N )E [S(N)|b(N) = bl,N ] ,
the expected achieved wealth E[S(N)] can be evaluated
iteratively.
In the next section, we show that the set of all achievable
portfolios, B △= ∪∞n=1Bn, is finite under mild technical
conditions.
C. Finitely Many Achievable Portfolios
In this section, we investigate the cardinality of the set of
achievable portfolios B and demonstrate that B is finite under
certain conditions in the following theorem, Theorem 3.1. This
result is significant since when B is finite, we can derive a
recursive update with a constant complexity, i.e., the number
of states does not grow, to calculate the expected achieved
wealth E[S(n)] at any investment period. We demonstrate that
the portfolio sequence forms a Markov chain with a finite
state space and converges to a stationary distribution. Then, we
can investigate the limiting behavior of the expected achieved
wealth using this update to optimize b and ǫ. Before providing
the main theorem, we first state a couple of lemmas that are
used in the derivation of the main result of this section.
We first point out that in Lemma 3.1, we showed that
the number of achievable portfolios at period N is equal
to the number of different values that the sum
∑N
n=1 Z(n)
can take when the portfolio b(n) does not leave the interval
(b−ǫ, b+ǫ) for N investment periods. Then, we observed that
the cardinality of the set B is equal to the number of different
values that the sum
∑N
n=1 Z(n) can take for any N ∈ N when
the portfolio b(n) never leaves the interval (b − ǫ, b+ ǫ). We
next show that the portfolio b(n) does not leave the interval
(b−ǫ, b+ǫ) for N periods if and only if the sum
∑k
n=1 Z(n) ∈
(α2, α1) for k = 1, . . . , N , where α1
△
= ln b(1−b+ǫ)(1−b)(b−ǫ) > 0 and
α2
△
= ln b(1−b−ǫ)(1−b)(b+ǫ) < 0. Moreover, we also prove that the
number of achievable portfolios is equal to the cardinality of
the set M∩ (α2, α1) where we define the set M as
M = {m1z1 +m2z2 + . . .+mM+zM+ | mi ∈ Z, zi ∈ Z
+
for i = 1, . . . ,M+},
Z+
△
= {z ∈ Z | z ≥ 0}, M+
△
= |Z+|. Note that Z+ is the set
of positive elements of the set Z and any value that the sum∑N
n=1 Z(n) can take is an element of M. Hence, if we can
demonstrate that the set M∩ (α2, α1) is finite under certain
conditions, then it yields the cardinality of the set B since B
is finite if and only if M ∩ (α2, α1) is finite.
In the following lemma, we prove that the portfolio b(n)
does not leave the interval (b− ǫ, b+ ǫ) for N periods if and
only if the sum
∑k
n=1 Z(n) ∈ (α2, α1) for k = 1, . . . , N .
Lemma 3.2: The portfolio b(n) does not leave the interval
(b− ǫ, b+ ǫ) for N investment periods if and only if the sum∑k
n=1 Z(n) ∈ (α2, α1) for k = 1, . . . , N .
Proof: The proof is in the Appendix B.
In the following lemma, we demonstrate that if the condition
|z| < min{|α1|, |α2|} is satisfied for each z ∈ Z+, then for
any element m ∈ M ∩ (α2, α1), there exists an N -period
market scenario where the portfolio does not leave the interval
(b−ǫ, b+ǫ) for N investment periods and {Z(n) = Z(n)}Nn=1
such that m =
∑N
n=1 Z
(n) for some {Z(n)}Nn=1 ∈ Z and
N ∈ N. It follows that the set of different values that the
sum
∑N
n=1 Z(n) can take for any N ∈ N when the portfolio
never leaves the interval (b−ǫ, b+ǫ) for N investment periods
is equivalent to the set M∩ (α2, α1). Hence, we show that
7the cardinality of the set of achievable portfolios is equal to
the cardinality of the set M∩ (α2, α1). After this lemma, we
present conditions under which the set M∩ (α2, α1) is finite
so that the set of achievable portfolios is also finite.
Lemma 3.3: If |z| < min{|α1|, |α2|} for z ∈ Z+, then any
element of M∩ (α2, α1) can be written as a sum
∑N
n=1 Z
(n)
for some N ∈ N where {Z(n) = Z(n)}Nn=1 ∈ Z and∑k
n=1 Z
(n) ∈ (α2, α1) for k = 1, . . . , N .
Proof: In Lemma 3.1, we showed that for any investment
period N , the number of different portfolio values that b(N)
can take is equal to the number of different values that the
sum
∑N
n=1 Z(n) can take where
∑k
n=1 Z(n) ∈ (α2, α1) for
k = 1, . . . , N . Since this is true for any investment period N ,
it follows that the number of all achievable portfolios is equal
to the number of different values that the sum
∑N
n=1 Z(n)
can take for any N ∈ N such that
∑N
n=1 Z(n) ∈ (α2, α1).
Here, we show that if m ∈ M∩ (α2, α1), then there exists
a sequence {Z(n)}Nn=1 ∈ Z for some N ∈ N such that m =∑N
n=1 Z
(n) and
∑k
n=1 Z
(n) ∈ (α2, α1) for k = 1, . . . , N .
Let m ∈ M ∩ (α2, α1). Then, it can be written as m =
m1z1 + . . . + mM+zM+ for some mi ∈ Z and zi ∈ Z+,
i = 1, . . . ,M+. We define S(k) =
∑k
n=1 Z
(n) for k ≥ 1
and construct a sequence {Z(n)}Nn=1 ∈ Z for some N ∈ N
such that m =
∑N
n=1 Z
(n) and S(k) ∈ (α2, α1) for each k =
1, . . . , N as follows. We choose zi ∈ Z+ such that mi > 0,
let Z(1) = zi and decrease mi by 1. We see that S(1) =
Z(1) ∈ (α2, α1) since zi < min{|α1|, |α2|}. Next, we choose
zj ∈ Z
+ such that mj < 0, let Z(2) = −zj and increase mj
by 1. Then, it follows that S(2) = Z(1) + Z(2) = zi − zj ∈
(α2, α1) since zi, zj < min{|α1|, |α2|}. At any time k ≥ 3, if
• S(k) ≥ 0, we choose zl ∈ Z+ such that ml < 0, let
Z(k+1) = −zl and increase ml by 1. Note that S(k +
1) ∈ (α2, α1) since S(k) ∈ (α2, α1), S(k) ≥ 0 and
Z(k+1) < 0. Now assume that there exists no zl ∈ Z+
such that ml < 0, i.e., mj ≥ 0 for j = 1, . . . ,M . If we let
I
△
= {j ∈ {1, . . . ,M} | mj ≥ 0} = {k1, . . . , kT } where
T
△
= |I| and Z(l) = zkj , l = k+ 1+
∑j−1
i=1 ki, . . . , k +∑j
i=1 ki for j = 1, . . . , T , then we get that m = S(N) =∑N
n=1 Z
(n) where N = k +
∑T
i=1 ki. We observe that
Si ∈ (α2, α1) for i = k + 1, . . . , N since m ∈ (α2, α1),∑T
j=1mkjxkj ≥ 0 and S(k) > 0.
• S(k) < 0, we choose zl ∈ Z+ such that ml > 0,
let Z(k+1) = zl and decrease ml by 1. Note that
S(k + 1) ∈ (α2, α1) since S(k) ∈ (α2, α1), S(k) < 0
and Z(k+1) ≥ 0. Assume that there exists no zl ∈ Z+
such that ml ≥ 0, i.e., mj < 0 for j = 1, . . . ,M . If we
let J △= {j ∈ {1, . . . ,M} | mj ≤ 0} = {k1, . . . , kW }
where W △= |J | and Z(l) = zkj , l = k + 1 +∑j−1
i=1 ki, . . . , k+
∑j
i=1 ki for j = 1, . . . ,W , then we get
that m = S(N) =
∑N
n=1 Z
(n) where N = k+
∑W
i=1 ki.
We see that Si ∈ (α2, α1) for i = k + 1, . . . , N since
m ∈ (α2, α1),
∑W
j=1mkjxkj ≤ 0 and S(k) < 0.
Therefore, we can write m =
∑N
n=1 Z
(n) for some N ≥ 1
where {Z(n)}Nn=1 ∈ Z and
∑k
n=1 Z
(n) ∈ (α2, α1) for k =
1, . . . , N .
Hence, we showed that if the condition |z| <
min{|α1|, |α2|} is satisfied for each z ∈ Z+, then any element
of the set M∩(α2, α1) can be written as a sum
∑N
n=1 Z(n) for
some N ∈ N when the portfolio does not leave the interval
(b − ǫ, b + ǫ) for N investment periods. It follows that the
set of different values that the sum
∑N
n=1 Z(n) can take for
any N ∈ N when the portfolio does not leave the interval
(b− ǫ, b+ ǫ) for N investment periods is equivalent to the set
M ∩ (α2, α1). Thus, the number of achievable portfolios is
equal to the cardinality of the set M∩(α2, α1). In the follow-
ing theorem, we demonstrate that if |z| < min{|α1|, |α2|} for
z ∈ Z+ and the set M has a minimum positive element, then
M∩ (α2, α1) is finite. Hence, the set of achievable portfolios
is also finite under these conditions. Otherwise, we show that
the set M∩(α2, α1) contains infinitely many elements so that
the set of achievable portfolios is also infinite. Thus, we show
that the set of achievable portfolios is finite if and only if the
minimum positive element of the set M exists.
Theorem 3.1: If |z| < min{|α1|, |α2|} for z ∈ Z+ and the
set M has a minimum positive element, i.e., if
δ = min{m ∈ M | m > 0}
exists, then the set of achievable portfolio B = ∪∞n=1Bn is
finite. If such a minimum positive element does not exist, then
B is countably infinite.
In Theorem 3.1 we present a necessary and sufficient con-
dition for the achievable portfolios to be finite. We emphasize
that the required condition, i.e., |z| < min{|α1|, |α2|} for z ∈
Z+, is a necessary required technical condition which assures
that the TRP thresholds are large enough to prohibit constant
rebalancings at each investment period. In this sense, this
condition does not limit the generality of the TRP framework.
By Theorem 3.1, we establish the conditions for a unique
stationary distribution of the achievable portfolios. With the
existence of a unique stationary distribution, in the next
section, we provide the asymptotic behavior of the expected
wealth growth by presenting the growth rate.
Proof: For any investment period N , we showed in
Lemma 3.1 that the number of different portfolio values that
b(N) can take is equal to the number of different values that
the sum
∑N
n=1 Z(n) can take where the sum
∑k
n=1 Z(n) ∈
(α2, α1) for k = 1, . . . , N . In the Lemma 3.3, we showed
that the set of different values that the sum
∑N
n=1 Z(n) can
take where the sum
∑k
n=1 Z(n) ∈ (α2, α1) for k = 1, . . . , N
is equivalent to the set M ∩ (α2, α1). We let H be the
set of values that the sum
∑N
n=1 Z(n) ∈ (α2, α1) can take
for any N ∈ N, i.e., H = {
∑N
n=1 Z
(n) | {Z(n)}Nn=1 ∈
Z,
∑k
n=1 Z
(n) ∈ (α2, α1)fork = 1, . . . , N, N ∈ N}.
Now, assume that the minimum positive element δ exists.
We next illustrate that the sum
∑N
n=1 Z
(n) for any sequence
{Z(n)}Nn=1 ∈ Z can be written as kδ for some k ∈ Z, i.e.,∑N
n=1 Z
(n) = kδ.
Assume that there exists a sequence {Z(n)}Nn=1 ∈ Z such
that the sum Z =
∑N
n=1 Z
(n) 6= kδ for any k ∈ Z. If we
divide the real line into intervals of length δ, then Z should
lie in one of the intervals, i.e., there exists k0 ∈ Z such that
k0δ < Z < (k0 + 1)δ so that we can write Z = k0δ + η
where 0 < η < δ. By definition of M, an integer multiple of
any element of M is also an element of M so that k0δ ∈M
since δ ∈ M. Moreover, for any two elements of M, their
difference is also an element of M so that η = Z−k0δ ∈M
since Z ∈ M and k0δ ∈ M. However, this contradicts to
the fact that δ is the minimum positive element of M since
80 < η < δ and η ∈M. Hence, it follows that any element of
H can be written as kδ for some k ∈ Z. Note that there are
finitely many elements in H since any element h ∈ H can be
written as h = kδ for some k ∈ Z and α2 < h < α1. Since
|B| = |H|, it follows that the set of achievable portfolios B is
finite.
To show that if δ does not exist then B contains infinitely
many elements, we assume that δ does not exist. Since every
finite set of real numbers has a minimum, there are either
countably infinitely many positive elements in the set M
or none. We know that there exists zi 6= 0 so that there
are positive numbers in M. Therefore, there are infinitely
many elements in M. Now assume that there exists γ1 > 0
that can be written as a sum
∑N
n=1 Z
(n) for some N ∈ N
where {Z(n)}Nn=1 ∈ Z and
∑k
n=1 Z
(n) ∈ (α2, α1). Then,
by Lemma 3.3, it follows that γ1 ∈ M ∩ (0, α1) and since
there exists no positive minimum element of M, there exists
γ2 > 0 such that γ2 < γ1 so that γ2 ∈ M ∩ (0, α1). In this
way, we can construct a decreasing sequence {γn} such that
γn ∈ M∩(0, α1) for each n ∈ N. Note that for any n ∈ N, γn
is also element of H by Lemma 3.3 so that there are countably
infinite elements in H. Hence, it follows that B has countably
infinitely many elements.
We showed that if |z| < min{|α1|, |α2|} for z ∈ Z+
and the minimum positive element of the set M exists, then
the set of achievable portfolios, B, is finite. If the minimum
positive element of the set M does not exist, then the set
M ∩ (α2, α1) is countably infinite so that the number of
achievable portfolios is also countably infinite. Hence, the set
of achievable portfolios is finite if and only if the minimum
positive element of the set M exists. However, Theorem 3.1
does not specify the exact number of achievable portfolios.
In the following corollary, we demonstrate that the number
of achievable portfolios is ⌊α1−α2
δ
⌋ if the set of achievable
portfolios is finite.
Corollary 3.1: If |z| < min{|α1|, |α2|} for z ∈ Z+ and
δ = min{m|m > 0m ∈ M} exists, then the number of
achievable portfolios is⌊α1−α2
δ
⌋1.
Proof: Assume that δ exists and there exists θ > 0 such
that θ can be written as a sum
∑N
n=1 Z
(n) for some N ∈ N
and {Z(n) = Z(n)}Nn=1 ∈ Z such that
∑k
n=1 Z
(n) ∈ (α2, α1)
for k = 1, . . . , N . Note that such a θ exists, e.g., θ = z > 0
where z ∈ Z+ since z ∈ (α2, α1). Then, by Lemma 3.3, it
follows that θ ∈M∩(0, α1). Since δ is the minimum positive
element of M, it follows that 0 < δ ≤ θ and δ ∈ M∩(0, α1).
Hence, by Lemma 3.3, we get that δ can be written as a sum∑N ′
n=1 Z
(n) for some N ′ ∈ N and {Z(n)}N
′
n=1 ∈ Z where∑k
n=1 Z
(n) ∈ (α2, α1) for k = 1, . . . , N ′. We note that δ is an
element of the set of different values that the sum
∑N
n=1 Z(n)
can take for any N ∈ N and Z(n) ∈ Z for n = 1, . . . , N such
that the portfolio does not leave the interval (b− ǫ, b+ ǫ). We
showed in Theorem 3.1 that any element of M can be written
as kδ for some k ∈ Z so that the number of elements in M∩
(α2, α1) is ⌊α1−α2δ ⌋. Hence, it follows that there are exactly
⌊α1−α2
δ
⌋ achievable portfolios since Lemma 3.3 implies that
the set M∩(α2, α1) is equivalent to the set of different values
that the sum
∑N
n=1 Z(n) can take for any N ∈ N and Z(n) ∈
Z for n = 1, . . . , N such that the sum
∑k
n=1 Z(n) ∈ (α2, α1)
1Here, ⌊x/y⌋ is the largest integer less than or equal to x/y
for each k = 1, . . . , N and the cardinality of the latter set is
equal to the number of achievable portfolios.
In Theorem 3.1, we introduce conditions on the cardinality
of the set of all achievable portfolio states, B, and showed
that if |z| < min{|α1|, |α2|} for all z ∈ Z+ and the minimum
positive element of the set M exists, then B is finite. This
result is significant when we analyze the asymptotic behavior
of the expected achieved wealth, i.e., in the following, we
demonstrate that when B is finite, the portfolio sequence
converges to a stationary distribution. Hence, we can determine
the limiting behavior of the expected achieved wealth so that
we can optimize b and ǫ. To accomplish this, specifically, we
first present a recursive update to evaluate E[S(n)]. We then
maximize g(b, ǫ) △= lim
n→∞
1
n
logE[S(n)] over b and ǫ with a
brute-force search, i.e., we calculate g(b, ǫ) for different (b, ǫ)
pairs and find the one that yields the maximum.
D. Finite State Markov Chain for Threshold Portfolios
If we assume that |z| < min{|α1|, |α2|} for all z ∈ Z+
and δ = min{m ∈ M | m > 0} exists, then the set
of all achievable portfolios B is finite. By Corollary 3.1,
it follows that there are exactly L = ⌊α1−α2
δ
⌋ achievable
portfolios. We let B = {b1, . . . , bL} and, without loss of
generality, b1 = b. We define the probability mass vector of
the portfolio sequence as pi(n) = [π1(n) . . . πL(n)]T where
πi(n)
△
= Pr (b(n) = bi). The portfolio sequence b(n) forms a
homogeneous Markov chain with a finite state space B since
the transition probabilities between states are independent of
period n. We see that b(n) is irreducible since each state
communicates with other states so that all states are null-
persistent since B is finite [24]. Then, it follows that there
exists a unique stationary distribution vector pi, i.e., pi =
lim
n→∞
pi(n). To calculate pi, we first observe that the set of
portfolios that are connected to bl, Nl,n, and the set of price
relative vectors that connect bk to bl, Uk,l,n, are independent
of investment period since the price relative sequences are
i.i.d. for k = 1, . . . , L and l = 1, . . . , L. Hence, we write
Uk,l,n = Uk,l and Nl,n = Nl for n ∈ N. We next note that the
state transition probabilities are also independent of investment
period and write qk,l,n = Pr (b(n) = bl|b(n− 1) = bk) = qk,l
for n ∈ N, k = 1, . . . , L and l = 1, . . . , L. Therefore, we can
write Pr (b(n) = bl) as
Pr (b(n) = bl) =
L∑
k=1
qk,lPr (b(n− 1) = bk) , (13)
where qk,l = 0 if bk 6∈ Nl. Now, by using the definition of
pi(n) and (13), we get pi(n+ 1) = Ppi(n) for each n, where
P is the state transition matrix, i.e., Pij = qi,j .
We next determine the limiting behavior of the ex-
pected achieved wealth E[S(n)] to optimize b and ǫ as
follows. In Section III-A, we showed that E[S(n)] can
be calculated iteratively by (2), (7) and (12). If we de-
fine the vector e(n) = [e1(n) . . . eL(n)]T where ei(n)
△
=
Pr (b(n) = bi)E[S(n)|b(n) = bi], then we can calculate
E[S(n)] as the sum of the entries of e(n) by (2), i.e.,
E[S(n)] =
∑L
i=1 ei(n) = 1
Te(n), where 1 is the vector of
ones. Hence, by definition of e(n), we can write e(n+ 1) =
9Qe(n), where the matrix Q is given by
Q = (14)

∑
w=[w1 w2]
T∈U1,1
κ1 · · ·
∑
w=[w1 w2]
T∈UL,1
κL
.
.
.
.
.
.
.
.
.∑
w=[w1 w2]
T∈U1,L
κ1 · · ·
∑
w=[w1 w2]
T∈UL,L
κL


where κi
△
= (biw1 + (1 − bi)w2) p1(w1)p2(w2) and we ignore
rebalancing for presentation purposes. From (7) and (12), Q
does not depend on period n since there are finitely many
portfolio states, i.e., Q is constant. If we take rebalancing into
account, then only the first row of the matrix Q changes and
the other rows remain the same where
Q1,j =
∑
w=[w1 w2]
T∈Vj,1
(b1w1 + (1− b1)w2) p1(w1)p2(w2)
+
∑
w=[w1 w2]
T∈Rj,1
(b1w1 + (1− b1)w2)
×
(
1− c
∣∣∣∣ b1w1b1w1 + (1 − b1)w2 − b
∣∣∣∣
)
p1(w1)p2(w2),
Vj,1 is the set of price relative vectors that connect bj to b1 = b
without crossing the threshold boundaries and Rj,1 is the set
of price relative vectors that connect bj to b1 = b by crossing
the threshold boundaries for i = j, . . . , L. Note that we can
find the matrix Q by using the set of achievable portfolios
B and the probability mass vectors p1 and p2 of the price
relative sequences.
Here, we analyze E[S(n)] as n→∞ as follows. We assume
that the matrix Q is diagonalizable with the eigenvalues
λ1, . . . , λL and, without loss of generality, λ1 ≥ . . . ≥ λL,
which is the case for a wide range of transaction costs
[24]. Then, there exists a nonsingular matrix B such that
Q = BΛB−1 where Λ is the diagonal matrix with entries
λ1, . . . , λL. We observe that the matrix Q has nonnegative
entries. Therefore, it follows from Perron-Frobenius Theorem
[25] that the matrix Q has a unique largest eigenvalue λ1 > 0
and any other eigenvalue is strictly smaller than λ1 in absolute
value, i.e., λ1 > |λj | for j = 2, . . . , L. Then, the recursion
on e(n) yields e(n) = Qne(0), and after some algebra, the
expected achieved wealth E[S(n)] is given by
E[S(n)] = 1Te(n) = 1TBΛnB−1e(0) =
L∑
i=1
uiviλ
n
i ,
where u △= [u1 . . . uL]T = BT1 and v
△
= [v1 . . . vL] =
B−1e(0). Then, it follows that
g(b, ǫ) = lim
n→∞
1
n
logE[S(n)] = lim
n→∞
1
n
log
{
L∑
i=1
uiviλ
n
i
}
= lim
n→∞
logλ1 + lim
n→∞
1
n
log
{
L∑
i=1
uivi
(
λi
λ1
)n}
= logλ1
since lim
n→∞
(
λi
λ1
)n
= 0 for i = 2, . . . , L. Hence, we can
optimize b and ǫ as
[b∗, ǫ∗] = arg max
b∈[0,1],0<ǫ
g(b, ǫ) = arg max
b∈[0,1],0<ǫ
logλ1.
To maximize g(b, ǫ), we evaluate it for different values of
(b, ǫ) pairs and find the pair that maximizes g(b, ǫ), i.e., by a
brute-force search in the Simulations section.
In the next section, we investigate the well-studied two-asset
Brownian market model with transaction costs.
E. Two Stock Brownian Markets
In this section, we consider the well-known two-asset Brow-
nian market, where stock price signals are generated from a
standard Brownian motion [14], [16], [17]. Portfolio selection
problem in continuous time two-asset Brownian markets with
proportional transaction costs was investigated in [17], where
the growth optimal investment strategy is shown to be a
threshold portfolio. Here, as usually done in the financial
literature [16], we first convert the continuous time Brownian
market by sampling to a discrete-time market [14]. Then,
we calculate the expected achieved wealth and optimize b
and ǫ to find the best portfolio rebalancing strategy for a
discrete-time Brownian market with transaction costs. Note
that although, the growth optimal investment in discrete-
time two-asset Brownian markets with proportional transaction
costs was investigated in [14], the expected achieved wealth
and the optimal threshold interval (b − ǫ, b + ǫ) has not been
calculated yet.
To model the Brownian two-asset market, we use the price
relative vector X = [X1 X2]T with X1 = 1 and X2 =
ekZ where k is constant and Z is a random variable with
Pr (Z = ±1) = 12 . This price relative vector is obtained by
sampling the stock price processes of the continuous time
two-asset Brownian market [14], [17]. We emphasize that
this sampling results a discrete-time market identical to the
binomial model popular in asset pricing [14]. We first present
the set of achievable portfolios and the transition probabilities
between portfolio states.
Since the price of the first stock is the same over investment
periods, the portfolio leaves the interval (b− ǫ, b+ ǫ) if either
the money in the second stock grows over a certain limit or
falls below a certain limit. If the portfolio b(n) does not leave
the interval (b − ǫ, b + ǫ) for N investment periods, then the
money in the first stock is b dollars and the money in the
second stock is (1 − b)eki for some −N ≤ i ≤ N so that
the portfolio is b(N) = b
b+(1−b)eki
. Note that b
b+(1−b)eki
∈
(b − ǫ, b + ǫ) if and only if imin ≤ i ≤ imax, where imin
△
=⌈
1
k
ln b(1−b−ǫ)(1−b)(b+ǫ)
⌉
2 and imax
△
=
⌊
1
k
ln b(1−b+ǫ)(1−b)(b−ǫ)
⌋
. Hence, the
set of achievable portfolios is given by
S =
{
bi =
b
b+ (1− b)e(i+imin−1)k
| i = 1, . . . ,
imax − imin + 1
}
= {b1, . . . , bS},
where |S| = S and S △= imax− imin +1 and b1−imin = b. We
see that the portfolio is rebalanced to b1−imin = b only if it
is in the state b1 and X2 = e−k or if it is in the state bS and
X2 = e
k
. Therefore, the transition probabilities are given by
Pr (bi|bj)
=


1
2 : i = 2, . . . , S − 1 and j = i± 1 , or i = 1 and
j ∈ {2, 1− imin}, or i = S and j ∈ {S − 1, 1− imin}
0 : otherwise,
where P (bi|bj) is the probability that the portfolio b(n) = bi
given that b(n− 1) = bj for any period n. We now calculate
E[S(n)] using the recursions in Section III-D as follows. The
2Here, ⌈x/y⌉ is the largest integer greater or equal to the x/y.
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sets of price relative vectors that connect portfolio states are
given by
Ui,j =


{
[
1 ek
]T
} : i = 1, . . . , S − 1 and j = i+ 1,
or i = S and j = 1− imin
{
[
1 e−k
]T
} : i = 2, . . . , S − 1 and j = i− 1,
or i = 1 and j = 1− imin
∅ : otherwise.
Hence, we can calculate the matrix Q defined in (14) as
Qi,j =


1
2 (bj + (1− bj)e
k) : i = 2, . . . , S
and j = i− 1
1
2 (bj + (1− bj)e
−k) : i = 1, . . . , S − 1
and j = i+ 1
0 : otherwise,
where we ignore rebalancing. If we take rebalanc-
ing into account, then Q1−imin,1 = 12 (b1 + (1 −
b1)e
−k)
(
1− c
∣∣∣ b1b1+(1−b1)e−k − b
∣∣∣) and Q1−imin,S = 12 (bS +
(1 − bS)ek)
(
1− c
∣∣∣ bSbS+(1−bS)ek − b
∣∣∣) . Then, by the recur-
sions in Section III-D, E[S(n)] is given by Qne(0). Moreover,
we maximize g(b, ǫ) = lim
n→∞
1
n
logE[S(n)] = logλ1, where
λ1 is the largest eigenvalue of the matrix Q. Here, we optimize
b and ǫ with a brute-force search, i.e., we find λ1 for different
(b, ǫ) pairs and find the one that achieves the maximum.
IV. MAXIMUM LIKELIHOOD ESTIMATORS OF THE
PROBABILITY MASS VECTORS
In this section, we sequentially estimate the probability
mass vectors p1 and p2 corresponding to X1(n) and X2(n),
respectively, using a maximum likelihood estimator (MLE).
In general, these vectors may not be known or change in
time, hence, could be estimated at each investment period
prior to calculation of E[S(n)]. The maximum likelihood
estimator for a pmf on a finite set is well-known [24], but we
provide the corresponding derivations here for completeness.
We consider, without loss of generality, the price relative
sequence X1(n) and assume that its realizations are given
by X1(n) = wn ∈ X for n = 1, . . . , N and estimate p1.
Similar derivations follow for the price relative sequence
X2(n) and p2. Note that as demonstrated in the Simulations
section, the corresponding estimation can be carried out over
a finite length window to emphasize the most recent data.
We define the realization vector w = [w1, . . . , wN ] and the
probability mass function as pθ(xi) = p1(xi|θ) = θxi for
i = 1, . . . ,K and the parameter vector θ △= [θx1 , . . . , θxK ].
Then, the MLE of the probability mass vector p1 is
given by θMLE = arg maxθ:∑Ki=1 θxi=1 p1(w|θ) =
arg maxθ:
∑
K
i=1
θxi=1
Pr (X1(1) = w1, . . . , X1(N) = wN |θ).
Since the price relative sequence X1(n) is i.i.d., it
follows that p1(w|θ) =
∏N
i=1 p1(wi|θ) =
∏N
i=1 θwi =∏N
i=1
∏K
j=1 θ
I(wi=xj)
xj , since I(.) is the indicator function. If
we change the order of the product operators, then we obtain
p1(w|θ) =
∏N
i=1
∏K
j=1 θ
I(wi=xj)
xj =
∏K
j=1 θ
∑
N
i=1
I(wi=xj)
xj =∏K
j=1 θ
Nj
xj , where Nj
△
=
∑N
i=1 I(wi = xj), i.e., the
number of realizations that are equal to xj ∈ X for
j = 1, . . . ,K . Note that
∑K
j=1Nj = N . Hence, we can
write θMLE = arg maxθ:∑Ki=1 θxi=1
∑K
j=1
Nj
N
log θxj , since
log(.) is a monotone increasing function. If we define
the vector h = [hx1 , . . . , hxK ], where hxj
△
=
Nj
N
for
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Fig. 2: Performance of portfolio investment strategies in the
two-asset Brownian market. (a) Wealth gain with the cost ratio
c = 0.01. (b) Wealth gain with the cost ratio c = 0.03.
j = 1, . . . ,K , then we see that hxj ≥ 0 for j = 1, . . . ,K and∑K
j=1 hxj = 1. Since h and θ are probability vectors,
i.e., their entries are nonnegative and sum to one,
it follows that D(h‖θ) △=
∑K
i=1 hxj log
(
hxj
θxj
)
≥ 0
and D(h‖θ) = 0 if and only if θ = h, i.e., their
relative entropy is nonnegative [26]. Therefore, we
get that
∑K
j=1
Nj
N
log θxj =
∑K
j=1 hxj log θxj =
−D(h‖θ) +
∑K
j=1 hxj log hxj ≤
∑K
j=1 hxj log hxj , where
the equality is reached if and only if θ = h. Hence, it follows
that θMLE = arg maxθ:∑K
i=1
θxi=1
∑K
j=1
Nj
N
log θxj = h
so that we estimate the probability mass vector p1 with
h =
[
N1
N
, . . . , NK
N
]
at each investment period N where Nj
N
is
the proportion of realizations up to period N that are equal
to xj for xj ∈ X .
V. SIMULATIONS
In this section, we demonstrate the performance of TRPs
with several different examples. We first analyze the perfor-
mance of TRPs in a discrete-time two-asset Brownian market
introduced in Section III-E. As the next example, we apply
TRPs to historical data from [13], [27] collected from the New
York Stock Exchange over a 22-year period and compare the
results to those obtained from other investment strategies [13],
[19], [20], [27]. We show that the performance of the TRP
algorithm is significantly better than the portfolio investment
strategies from [13], [19], [20], [27] in historical data sets as
expected from Section III.
As the first scenario, we apply TRPs to a discrete-time two-
asset Brownian market. Under this well studied market in the
financial literature [11], the price relative vector is given by
X = [X1 X2]
T
, where X1 = 1, X2 = ekZ and Z = ±1
with equal probabilities and we set k = 0.03 [14]. Here,
the sample spaces of the price relative sequences X1 and
11
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Fig. 3: Average performance of portfolio investment strategies
on independent stock pairs. (a) Wealth gain with the cost ratio
c = 0.015. (b) Wealth gain with the cost ratio c = 0.03.
X2 are X1 = {1} and X2 = {0.97, 1.03}, respectively, and
X = X1 ∪ X2 = {x1, x2, x3}, where x1 = 1, x2 = 0.97,
x3 = 1.03. Hence, the probability mass vectors of the price
relative sequences X1 and X2 are given by p1 = [1 0 0]T
and p2 = [0 0.5 0.5]T , respectively. Based on this data, we
evaluate the growth rate for different (b, ǫ) pairs to find the
best TRP that maximizes the growth rate using the approach
introduced in Section III-E, i.e., we form the matrix Q and
evaluate the corresponding maximum eigenvalues to find the
pair that achieves the largest maximum eigenvalue since this
pair also maximizes the growth rate. Then, we invest 1 dollars
in a randomly generated two-asset Brownian market using:
the TRP, labeled as, “TRP”, i.e., TRP(b,ǫ) with calculated
(b, ǫ) pair, the SCRP algorithm with the target portfolio vector
b = [0.5 0.5], labeled as “SCRP”, as suggested in [13],
the Iyengar’s algorithm, labeled as “Iyengar”, the Cover’s
algorithm, labeled as “Cover”, and the switching portfolio,
labeled as “Switching”, with parameters suggested in [20].
In Fig. 2, we plot the wealth achieved by each algorithm
for transaction costs c = 0.01 and c = 0.03, where c is
the proportion paid when rebalancing, i.e, c = 0.03 is a 3%
commission. As expected from the derivations in Section III,
we observe that, in both cases, the performance of the TRP
algorithm is significantly better than the other algorithms under
transaction costs.
We next present results that illustrate the average perfor-
mance of TRPs on a number of stock pairs from the historical
data sets [27] to avoid any bias to particular stock pairs. In
this set of simulations, we first randomly select pairs of stocks
from the historical data that includes 34 stocks (where the Kin
Ark stock is excluded). The data includes the price relative se-
quences of 34 stock pairs for 5651 investment periods (days).
Since the brute force algorithm introduced in Section III-A
requires the sample spaces of the price relative sequences,
for each randomly selected stock pair, we proceed as follows.
We first calculate the sample spaces and the probability mass
vectors of the price relative sequences from the first 1000-
day realizations of X1 and X2, where the sample spaces are
simply constructed by quantizing the observed realizations
into bins. We observed that the performance of the TRP is
not effected by the number of bins provided that there are
an adequate number of bins to approximate the continuous
valued price relatives. Then, we optimize b and ǫ using the
MLE introduced in Section IV and the brute force algorithm
from Section III, and invest using this TRP for the next 1000
periods, i.e., from period 1001 to period 2000. We then update
(b, ǫ) pair using the first 2000-day realizations of the price
relative vectors and invest using the best TRP for the next
1000 periods. We repeat this process through all available data.
Hence, we invest on each stock pairs using TRP for 4651
periods where we update (b, ǫ) pair at each 1000 periods. In
Fig. 3a and Fig. 3b, we present the average performances of the
TRP algorithm, the SCRP algorithm, the Cover’s algorithm,
the Iyengar’s algorithm and the switching portfolio, under
a mild transaction cost c = 0.015 and a hefty transaction
cost c = 0.03, respectively. In Fig. 3, we present the wealth
gain for each algorithm, where the results are averaged over
randomly selected 10 independent stock pairs. We observe that
although the performance of the algorithms other than the TRP
degrade with increasing transaction cost, the performance of
the TRP, using the MLE, is not significantly effected since
it can avoid excessive rebalancings. We further observe from
these simulations that the average performance of the TRP
is better than the average performance of the other portfolio
investment strategies commonly used in the literature.
VI. CONCLUSION
We studied growth optimal investment in i.i.d. discrete-
time markets under proportional transaction costs. Under this
market model, we studied threshold portfolios that are shown
to yield the optimal growth. We first introduced a recursive
update to calculate the expected growth for a two-asset market
and then extend our results to markets having more than
two assets. We next demonstrated that under the threshold
rebalancing framework, the achievable set of portfolios form
an irreducible Markov chain under mild technical conditions.
We evaluated the corresponding stationary distribution of this
Markov chain, which provides a natural and efficient method
to calculate the cumulative expected wealth. Subsequently, the
corresponding parameters are optimized using a brute force
approach yielding the growth optimal investment portfolio
under proportional transaction costs in i.i.d. discrete-time two-
asset markets. We also solved the optimal portfolio selection
in discrete-time markets constructed by sampling continuous-
time Brownian markets. For the case that the underlying
discrete distributions of the price relative vectors are unknown,
we provide a maximum likelihood estimator. We observed in
our simulations, which include simulations using the histor-
ical data sets from [27], that the introduced TRP algorithm
significantly improves the achieved wealth under both mild
and hefty transaction costs as predicted from our derivations.
APPENDIX
A) Proof of Lemma 3.1: We analyze the cardinality of
the set BN of achievable portfolios at period N , MN , as
follows. If we assume that an investor invests with a TRP(b,ǫ)
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for N investment periods and the sequence of price relative
vectors are given by
{
[X1(n) X2(n)] =
[
X
(n)
1 X
(n)
2
]}N
n=1
and the portfolio sequence is given by {b(n) = bn}Nn=1, then
we see that the portfolio could leave the interval at any period
depending on the realizations of the price relative vector. We
define an N -period market scenario as a sequence of portfolios
{b(n)}Nn=1. We can find the number of achievable portfolios at
period N as the number of different values that the last element
of N -period market scenarios can take. Here, we partition the
set of N -period market scenarios according to the last time
the portfolio leaves the interval (b − ǫ, b + ǫ) and show that
any achievable portfolio at period N can be achieved by an
N -period market scenario where the portfolio does no leave
the interval (b−ǫ, b+ǫ) for N periods as follows. If we define
the set P as the set of N -period market scenarios, i.e.,
P =
{
{bn}
N
n=1 | bn ∈ Bn , n = 1, . . . , N
}
=
N+1⋃
i=1
Pi,
where Pi is the set of N -period market scenarios where
the portfolio leaves the interval (b − ǫ, b + ǫ) last time at
period i, i = 1, . . . , N , and PN+1 is the set of N -period
market scenarios where the portfolio does not leave the interval
(b− ǫ, b+ ǫ) for N investment periods. We point out that Pi’s
are disjoint, i.e., Pi ∩Pj = ∅ for i 6= j and their union gives
the set of all N -period market scenarios, i.e.,
⋃N+1
i=1 Pi = P
so that they form a partition for P . We see that the set BN of
achievable portfolios at period N is the set of last elements of
N -period market scenarios, i.e., BN = {bN | {bn}Nn=1 ∈ P}.
We next show that the last element of any N -period market
scenario from Pi for i = 1, . . . , N is also a last element
of an N -period market scenario from PN+1. Therefore, we
demonstrate that any element of the set BN is achievable by
a market scenario from PN+1 and BN = {bN | {bn}Nn=1 ∈
PN+1}.
Assume that {bn}Nn=1 ∈ Pi for some i ∈ {1, . . . , N} so that
bi = b, i.e., the portfolio is rebalanced to b last time at period
i. Note that bN can also be achieved by an N -period market
scenario
{
b
′
n
}N
n=1
where the portfolio never leaves the interval
(b− ǫ, b+ ǫ), b
′
j = bi+j for j = 1, . . . , N− i and X
(j)
1 = X
(j)
2
for j = N − i + 1, . . . , N so that b′N = b
′
N−i = bN . Hence,
it follows that the set of achievable portfolios at period N is
the set of achievable portfolios by N -period market scenarios
from PN+1. We next find the number of different values that
b(N) can take where the portfolio does not leave the interval
(b− ǫ, b+ ǫ) for N investment periods.
When the portfolio never leaves the interval (b − ǫ, b + ǫ)
for N investment periods, b(N) is given by b(N) =
b
∏N
i=1X1(n)/
(
b
∏N
i=1X1(n) + (1− b)
∏N
i=1X2(n)
)
.
If we write the reciprocal of b(N) as 1
b(N) =
1 + 1−b
b
∏N
n=1
X2(n)
X1(n)
= 1 + 1−b
b
e
∑
N
n=1 Z(n), then we observe
that the number of different values that the portfolio b(N)
can take is the same as the number of different values that the
sum
∑N
n=1 Z(n) can take. Since the price relative sequences
X1(n) and X2(n) are elements of the same sample space X
with |X | = K , it follows that |Z| = M ≤ K2−K +1. Since
the number of different values that the sum
∑N
n=1 Z(n)
can take is equal to
(
N+M−1
M−1
)
and M ≤ K2 − K + 1, it
follows that the number of achievable portfolios at period N
is bounded by
(
N+K2−K
K2−K
)
, i.e., |BN | = MN ≤
(
N+K2−K
K2−K
)
and the proof follows.
B) Proof of Lemma 3.2:If the portfolio does not
leave the interval (b − ǫ, b + ǫ) for N investment
periods, then b(n) ∈ (b − ǫ, b + ǫ) for n = 1, . . . , N
and it is not adjusted to b at these periods so that
b(n) =
b
∏n
i=1
X1(i)
b
∏
n
i=1
X1(i)+(1−b)
∏
n
i=1
X2(i)
∈ (b − ǫ, b + ǫ) for
each n = 1, . . . , N . Taking the reciprocal of b(n), we
get that b(1−b−ǫ)(1−b)(b+ǫ) <
∏n
i=1
X2(i)
X1(i)
< b(1−b+ǫ)(1−b)(b−ǫ) . Noting that
X2(i)
X1(i)
= eZ(i) and taking the logarithm of each side, it follows
that ln b(1−b−ǫ)(1−b)(b+ǫ) = α2 <
∑n
i=1 Z(i) < ln
b(1−b+ǫ)
(1−b)(b−ǫ) = α1,
i.e.,
∑n
i=1 Z(i) ∈ (α2, α1) for n = 1, . . . , N . Now, if
the portfolio leaves the interval (b − ǫ, b + ǫ) first time
at period k for some k ∈ {1, . . . , N}, then we get that
b(k) ≥ b+ ǫ or b(k) ≤ b− ǫ so that we get
∑k
i=1 Z(i) ≥ α1
or
∑k
i=1 Z(i) ≤ α2, i.e.,
∑k
i=1 Z(i) 6∈ (α2, α1).
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